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We investigate a spatially flat Friedmann-Lemaˆıtre-Robertson-Walker cosmology in which a de-
caying vacuum term causes matter production at late times. Assuming a decay proportional to the
Hubble rate, the ratio of the background energy densities of dark matter and dark energy changes
with the cosmic scale factor as a−3/2. The intrinsically non-adiabatic two-component perturbation
dynamics of this model is reduced to a single second-order equation. Perturbations of the vacuum
term are shown to be negligible on scales that are relevant for structure formation. On larger scales,
dark-energy perturbations give a somewhat higher contribution but remain always smaller than the
dark-matter perturbations.
I. INTRODUCTION
The origin of the accelerated expansion of the Universe, first described in [1], is certainly the most challenging
problem of modern cosmology, receiving considerable attention today in both theoretical and observational areas [2].
The simplest explanation is a cosmological constant Λ in Einstein’s equations which remained the favored option until
today and led to the ΛCDM model which also plays the role of a reference model for most studies in the field. Such
a constant is usually associated to the energy density of quantum vacuum fluctuations. Because of the cosmological
constant problem in its different facets, including the coincidence problem, a great deal of work was devoted to
alternative approaches in which a similar dynamics as that of the ΛCDM model is reproduced with a time varying
cosmological term, i.e., the cosmological constant is dynamiz ed. So far, the vacuum energy is not well determined by
quantum field theories in curved space-time, given the divergences involved in its derivation. For the well-established
renormalization method in the case of free conformal fields in an early de Sitter space-time [3, 4] the resulting energy
density is proportional to H4, where H is the Hubble parameter. But its value today is very small as compared to
the observed Λ. A correct order of magnitude is obtained for a dependence Λ ∼ H2 [5]. This circumstance gave
rise to holographic dark-energy models (see, e.g. [6], and references therein). Further semi-phenomenological ansa¨tze
for a time-dependent cosmology term can be found in the literature [7]. Among them there is the proposal that the
QCD vacuum condensate associated to the chiral phase transition leads to a vacuum density proportional to H [8],
more precisely Λ = m3H , where m ≈ 150MeV is the energy scale of the QCD phase transition. It is this approach
that we are interested in in the present paper. The corresponding cosmological model is qualitatively similar to the
standard one (the ΛCDM model), with a radiation phase followed by a phase dominated by matter and, subsequently,
by the cosmological term [9]. The important point is that the time variation of the cosmological term is concomitant
with a process of matter production in order to assure the conservation of the total energy. In this sense, the model
may be seen as a particular case of interacting dark-energy models [10]. The Λ ∝ H model has been tested from
the observational viewpoint at both the background and perturbation levels. A preliminary joint analysis of the
redshift-distance relation for supernovas of type Ia, the baryonic acoustic oscillations and the position of the first
peak in the anisotropy spectrum of the cosmic microwave background was performed in [11], resulting in a present
matter density parameter ΩM0 ≈ 0.36. At the perturbation level, the matter power spectrum has been calculated by
assuming that the interacting cosmological term is strictly homogeneous [12]. This spectrum reproduced the data for
an even higher matter density parameter, ΩM0 ≈ 0.48.
In the present paper we try to clarify the situation by reconsidering the previous analysis in a gauge-invariant setting.
This allows us to understand the role of non-adiabatic perturbations in decaying vacuum cosmology. For simplicity
we restrict ourselves to the dynamically most relevant components, namely dark matter and dark energy, i.e., we
neglect both the baryon and the radiation components. We demonstrate that the entire two-component perturbation
dynamics can be reduced to a single second-order perturbation equation for the density contrast of non-relativistic
matter. We show also that at high redshifts the non-adiabaticity of the model is small, although non-vanishing,
which allows us to use adiabatic initial conditions as a good approximation. In particular, we address the problem
of the relevance of perturbations of the dark energy component for structure formation. In many investigations it
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2is assumed from the outset that dark energy does not cluster on small scales. But strictly speaking, this has to be
justified on a case-by-case basis for all dynamical dark energy models. As it was argued by Park et al. [13], neglecting
the perturbations of the dark energy component may lead to inconsistencies and unreliable conclusions concerning the
interpretation of observational data. For the present model of a decaying cosmological term, however, we shall show
explicitly that the dark-energy fluctuations are indeed smaller than the dark-matter fluctuations by several orders
of magnitude on scales that are relevant for structure formation. This justifies a posteriori the already mentioned
previous analysis in which fluctuations of the dark energy component were not taken into account [12] and which was
compatible with a value of ΩM0 ≈ 0.48 for the matter density parameter. This value is considerably higher than the
corresponding ΛCDM-value and also higher than the background concordance value obtained in [11]. However, an
update of the background tests with the most recent surveys of type Ia-supernovae seems to admit matter density
parameter up to this value, at least for some of the data sets [14]. On superhorizon scales the fluctuations of the dark
energy contribute a larger fraction to the total energy density perturbation but still remain smaller than the matter
fluctuations.
The paper is organized as follows. In section II we introduce the general expressions for our interacting two-
component fluid, obtain the homogeneous and isotropic background dynamics of the model and perform a detailed
analysis of the interaction term. In Section III we derive the central second-order equation for the matter perturbations
in terms of which we also determine the perturbations of the dark-energy component. Furthermore, we discuss the
non-adiabatic nature of the fluctuations and show that the non-adiabaticity is negligible at early times. Section IV
presents the results of a numerical analysis which quantifies the role of perturbations of the dark-energy component.
Finally, section V is devoted to conclusions and remarks.
II. THE TWO-COMPONENT FLUID MODEL
A. Basic properties
We consider a two-component system with a total energy momentum tensor
Tik = ρuiuk + phik , T
ik
;k = 0, (1)
where hik = gik + uiuk and giku
iuk = −1. The quantity ui denotes the total four-velocity of the cosmic substratum.
Latin indices run from 0 to 3. We assume a split of Tik into a matter component (subindex M) and a dark energy
component (subindex X),
T ik = T ikM + T
ik
X , (2)
with (A =M,X)
T ikA = ρAu
i
Au
k
A + pAh
ik
A , h
ik
A = g
ik + uiAu
k
A . (3)
Furthermore, we admit an interaction between the components:
T ikM ;k = Q
i, T ikX ;k = −Q
i . (4)
Then, the separate energy-balance equations are
− uMiT
ik
M ;k = ρM,au
a
M +ΘM (ρM + pM ) = −uMaQ
a (5)
and
− uXiT
ik
X ;k = ρX,au
a
X +ΘX (ρX + pX) = uXaQ
a . (6)
In general, each component has its own four-velocity, with giku
i
Au
k
A = −1. The quantities ΘA are defined as ΘA = u
a
A;a.
For the homogeneous and isotropic background we assume uaM = u
a
X = u
a. Likewise, we have the momentum balances
haMiT
ik
M ;k = (ρM + pM ) u˙
a
M + pM,ih
ai
M = h
a
MiQ
i (7)
and
haXiT
ik
X ;k = (ρX + pX) u˙
a
X + pX,ih
ai
X = −h
a
XiQ
i, (8)
3where u˙aA ≡ u
a
A;bu
b
A. The source term Q
i is split into parts proportional and perpendicular to the total four-velocity
according to
Qi = uiQ+ Q¯i , (9)
where Q = −uiQ
i and Q¯i = hiaQ
a, with uiQ¯
i = 0. (Alternatively, one could have introduced a split with respect to
the matter four-velocity. As we shall see later, for the model of interest here both options lead to identical results.)
The contribution T ikX is supposed to describe some form of dark energy. In the simple case of an equation of state
pX = −ρX , where ρX is not necessarily constant, we have
T ikX = −ρXg
ik . (10)
We are interested here in the case
ρX =
σ
3
Θ , (11)
where Θ ≡ ua;a is the expansion scalar and σ is a constant. In the homogeneous and isotropic background one has
Θ = 3H , where H is the Hubble rate.
B. Background dynamics
In the homogeneous and isotropic background we have
3H2 = 8piGρ = 8piG (ρM + ρX) = 8piG (ρM + σH) (12)
and, assuming pM = 0 from now on,
H˙ = −4piG (ρ+ p) = −4piGρM . (13)
Combining (12) and (13) we obtain
H˙ = −
3
2
H2 + 4piGσH . (14)
With
3H20 = 8piGρ0 , ΩM0 ≡
ρM0
ρ0
and σ =
ρ0
H0
(1− ΩM0) , (15)
integration yields the Hubble rate [9]
H = H0
[
1− ΩM0 +ΩM0a
−3/2
]
, (16)
where a subindex 0 indicates the present value of the corresponding variable. The quantity a denotes the scale factor
of the Robertson-Walker metric which was normalized to a0 = 1. The energy densities are given by [9]
ρM
ρ0
= ΩM0a
−3/2
[
1− ΩM0 +ΩM0a
−3/2
]
(17)
and
ρX
ρ0
= (1− ΩM0)
[
1− ΩM0 +ΩM0a
−3/2
]
, (18)
respectively. For σ = 0 as well as for a << 1 we consistently recover the Einstein - de Sitter universe. For a >> 1,
the solution tends to de Sitter space-time. The ratio of the energy densities is
ρM
ρX
=
ΩM0
1− ΩM0
a−3/2 . (19)
It decays with a−3/2, i.e., with a lesser rate than in the ΛCDM model for which the corresponding ratio decays as
a−3. But in both cases it approaches zero in the long-time limit.
4The balances (5) and (6) take the forms
ρ˙M + 3HρM = Q
0 (20)
and
ρ˙X = −Q
0 , (21)
respectively. Since ρX is given as ρX =
σ
3
Θ = σH , the background source terms are
Q0 = u0Q = Q = p˙X = −
σ
3
Θ˙ = −σH˙ and Qα = 0 . (22)
Alternatively,
uaQ
a = −Q = −p˙X =
σ
3
Θ˙ = σH˙ and Q¯a = 0 . (23)
Together with (13) we find the balance equations
ρ˙M + 3HρM = 4piGσρM (24)
and
ρ˙X = −4piGσρM . (25)
Differentiating the expressions (17) and (18) one realizes that they indeed are solutions of (24) and (25).
C. The perturbed source term
Denoting first-order perturbations by a hat symbol and recalling that for the background uaM = u
a
X = u
a is valid,
the perturbed time components of the four-velocities are
uˆ0 = uˆ
0 = uˆ0M = uˆ
0
X =
1
2
gˆ00 . (26)
According to the perfect-fluid structure of both the total energy-momentum tensor (1) and the energy-momentum
tensors of the components in (3), and with uaM = u
a
X = u
a in the background, we have first-order energy-density
perturbations ρˆ = ρˆM + ρˆX , pressure perturbations pˆ = pˆM + pˆX = pˆX and
Tˆ 0α = Tˆ
0
Mα + Tˆ
0
Xα ⇒ (ρ+ p) uˆα = ρM uˆMα + (ρX + pX) uˆXα . (27)
Greek indices run from 1 to 3. For pX = −ρX it follows
pX = −ρX ⇒ ρ+ p = ρM ⇒ uˆMα = uˆα . (28)
Since the component M is supposed to describe matter, it is clear from (27) that the perturbed matter velocity uˆMα
coincides with the total velocity perturbation uˆα. With u
n
M = u
n up to first order, the energy balance in (5) (correct
up to first order) can be written as
ρM,au
a = −ΘρM − uaQ
a . (29)
On the other hand, the total energy balance is
ρ,au
a = −Θ(ρ+ p) . (30)
For the difference it follows that
ρ˙− ρ˙M ≡ (ρ− ρM ),a u
a = uaQ
a . (31)
Since, at least up to linear order, ρ− ρM = ρX , equation (31) is equivalent (up to the first order) to
ρ˙X ≡ ρX,au
a = uaQ
a . (32)
5In zeroth order we recover (21) with (22). The first-order equation is (cf. (26))
˙ˆρX + ρ˙X uˆ
0 = (uaQ
a)ˆ . (33)
Notice that (33) results from a combination of the total energy conservation and the matter energy balance. It has
to be consistent with the dark energy balance (6). At first order, the latter becomes
˙ˆρX + ρ˙X uˆ
0 = (uXaQ
a)
ˆ
. (34)
This means that
(uXaQ
a)
ˆ
= (uaQ
a)
ˆ
, (35)
i.e., the projections of Qa along uXa and along ua coincide. Explicitly,
(uaQ
a)ˆ= (uau
aQ)ˆ= −Qˆ =
σ
3
ˆ˙Θ . (36)
In a next step we consider the momentum balances. The total momentum conservation is described by
hai T
ik
;k = (ρM + ρX + pX) u˙
a + haipX,i = 0 . (37)
With pX = −ρX and pX = −
σ
3
Θ, we have
hai T
ik
;k = ρM u˙
a − hai
σ
3
Θ,i = 0 . (38)
Using unM = u
n again, the momentum balance (7) for the matter component becomes
hai T
ik
M ;k = ρM u˙
a = haiQi . (39)
Consistency between (38) and (39) requires
Q¯a ≡ haiQi =
σ
3
haiΘ,i . (40)
Notice that we have only used the total momentum conservation and the matter momentum balance. The momentum
balance (8) of the dark energy degenerates for the case pX = −ρX . It does not describe any dynamics.
With (40), the source term in the momentum balance is explicitly known. Up to first order the matter momentum
balance (39) reduces to
ρM u˙a = Q¯a . (41)
Explicitly, from (40) the first-order source term becomes
ˆ¯Q0 = 0 ,
ˆ¯Qα =
σ
3
[
Θˆ,α + uˆαΘ˙
]
. (42)
D. Basic set of equations
Before explicitly starting the perturbative analysis, we summarize the basic set of equations. It consists of the
energy balance
ρ˙M +ΘρM = −uaQ
a = Q = −
σ
3
Θ˙ , (43)
the momentum balance
ρM u˙a =
σ
3
hiaΘ,i , (44)
and the Raychaudhuri equation
Θ˙ +
1
3
Θ2 − u˙a;a + 4piG (ρ+ 3p) = 0 . (45)
In the present case (pM = 0 and pX = −ρX = −
σ
3
Θ) the latter reduces to
Θ˙ +
1
3
Θ2 − u˙a;a + 4piGρM −
8piG
3
σΘ = 0 . (46)
Notice that the source terms in the balances (43) and (44) are given by derivatives (temporal and spatial, respectively)
of the expansion scalar. In the background, the energy balance (43) reduces to (20) with (22), the momentum balance
(44) is zero identically and the Raychaudhuri equation (upon using Friedmann’s equation) specifies to (14). The
zeroth-order solutions of the system (43), (44) and (46) are given by (17), (18) and (16), respectively.
6III. PERTURBATION DYNAMICS
A. General relations
The general line element for scalar perturbations is
ds2 = − (1 + 2φ) dt2 + 2a2F,αdtdx
α + a2 [(1− 2ψ) δαβ + 2E,αβ] dx
αdxβ . (47)
For the perturbed spatial components of the four-velocity one has
a2uˆµ + a2F,µ = uˆµ ≡ v,µ , (48)
which defines the velocity perturbation v. A choice v = 0 corresponds to the comoving gauge. Taking into account
the definition ρ˙M ≡ ρM,au
a, the balance (43) becomes in first order
δ˙M + 4piGσδM − φ (−3H + 4piGσ) + Θˆ =
Qˆ
ρM
, (49)
where we have introduced the first-order fractional perturbation δM ≡
ρˆM
ρM
. With the definition u˙a ≡ ua;bu
b which
leads to (u˙α)
ˆ= ˙ˆuα + φ,α, the momentum balance (44) becomes in first order
v˙,α + φ,α −
σ
3ρM
(
Θˆ + Θ˙v
)
,α
= 0 ⇒ v˙ + φ =
σ
3ρM
(
Θˆ + Θ˙v
)
. (50)
To calculate the source term Qˆ in (36) we have the perturbed Raychaudhuri equation. With
u˙a;a = −
1
ρMa2
(∆pˆX + p˙X∆v) =
σ
3ρMa2
(
∆Θˆ + Θ˙∆v
)
, (51)
where ∆ is the three-dimensional Laplacian, one obtains
ˆ˙Θ = −
2
3
ΘΘˆ +
σ
3ρMa2
(
∆Θˆ + Θ˙∆v
)
− 4piGρMδM +
8piG
3
σΘˆ . (52)
It follows that the source term QˆρM in (49) becomes
Qˆ
ρM
= −
σ
3
[(
8piG
3
σ −
2
3
Θ
)
Θˆ
ρM
+
σ
3ρ2Ma
2
(
∆Θˆ + Θ˙∆v
)
− 4piGδM
]
. (53)
It is now convenient to describe the dynamics in terms of the gauge-invariant quantities
Θˆc ≡ Θˆ + Θ˙v , δcM ≡ δM +
ρ˙M
ρM
v and δcX ≡ δX +
ρ˙X
ρX
v , (54)
which characterize the perturbations of the expansion scalar, the matter density and the dark energy density, respec-
tively, on comoving hypersurfaces. Then, equation (49) takes the form
δ˙cM + 4piGσδ
c
M +
[
1 +
σ
3ρM
(3H − 4piGσ)
]
Θˆc =
Qˆc
ρM
. (55)
Here, Qˆc ≡ Qˆ + Q˙v is the gauge-invariant perturbation of the source term Q with the explicit (momentum space)
structure
Qˆc
ρM
= −
σ
3
[(
8piG
3
σ − 2H −
σ
3ρM
k2
a2
)
Θˆc
ρM
− 4piGδcM
]
, (56)
where k2 is the square of the comoving wave vector. Eq. (55) with (56) represents a combination of the energy and
momentum balances of the matter fluid. Combining (55) and (56) provides us with
δ˙cM +
8piG
3
σδcM +KΘˆ
c = 0 ⇒ Θˆc = −
1
K
[
δ˙cM +
8piG
3
σδcM
]
, (57)
7where
K ≡ 1 +
σH
3ρM
(
1−
4piG
3
σ
H
−
σH
3ρM
k2
a2H2
)
. (58)
In the next step we differentiate (57), eliminate
˙ˆ
Θ c through the perturbed Raychaudhuri equation and Θˆc through
(57) and change to the scale factor a as independent variable. The result is the following closed second-order equation
for δcM (a):
δc′′M + g(a)δ
c′
M + f(a)δ
c
M = 0 , (59)
where the prime means a derivative with respect to a. The coefficients g(a) and f(a) are explicitly known and depend
only on the background dynamics. They are given by
g(a) =
1
a
[
3
2
+ 3B −
L
K
+
1
3
A
k2
H2a2
]
(60)
and
f(a) = −
1
a2
[(
3
2
−
3
2
B
)
K +B
(
L
K
− 2−
1
2
B −
1
3
A
k2
a2H2
)]
, (61)
with
A ≡
σH
ρM
=
1− ΩM0
ΩM0a−3/2
, (62)
B ≡
8piG
3
σ
H
=
1− ΩM0
1− ΩM0 +ΩM0a−3/2
, (63)
K = 1 +
1
3
A−
1
6
AB −
1
9
A2
k2
a2H2
, (64)
and
L =
1
2
B +
1
4
B2A+
1
9
A2 (3B − 4)
k2
a2H2
. (65)
Equation (59) for δcM encodes the entire perturbation dynamics of the model, it is the central relation of the paper.
The perturbation δcX ≡
ρˆc
X
ρX
of the dark energy can be obtained from ρˆcX =
σ
3
Θˆc with Θˆc from (57). It is determined
by δcM and its first derivative:
δcX = −
1
3K
[aδc′M +Bδ
c
M ] . (66)
The coefficients A and B do not depend on the wavenumber k, they are of the order of one around the present time
with a ≈ 1. The quantity K, however, is scale-dependent. On scales well inside the horizon, equivalent to k
2
a2 ≫ H
2,
one has |K| ≫ 1. This suggests that, on scales which are relevant for structure formation, the fluctuations δcX of the
dark energy should be very small compared with the matter fluctuations δcM . The quantitative analysis of section IV
below will confirm this behavior. It is expedient to note that Eq. (59) is of the same structure as the corresponding
perturbation equation for a unified viscous dark sector fluid [15]. However, the coefficients g(a) and f(a) are different.
In particular, the wave-number dependence is more complicated for the present model.
B. Non-adiabatic perturbations
To clarify the non-adiabatic character of the model it is useful to consider the gauge-invariant perturbations of the
dark pressure, pˆcX ≡ pˆX + p˙Xv and of the dark energy, ρˆ
c
X ≡ ρˆX + ρ˙Xv. Let us assume that in the corresponding rest
frame pˆcX = c
2
sρˆ
c
X . Then, pˆX may generally be written as
pˆX = c
2
s ρˆX +
(
c2s −
p˙X
ρ˙X
)
v ρ˙X . (67)
8In the general case, the non-adiabatic part of the perturbations of the X component is given by
pˆX −
p˙X
ρ˙X
ρˆX =
(
c2s −
p˙X
ρ˙X
)
ρˆcX . (68)
For the present model c2s =
p˙X
ρ˙X
= −1 is valid, i.e., the X component by itself is adiabatic. For the total non-adiabatic
perturbations we have
pˆ−
p˙
ρ˙
ρˆ = pˆX −
p˙X
ρ˙
ρˆ = pˆX +
ρ˙X
ρ˙
(ρˆM + ρˆX) . (69)
Introducing here (67) and rearranging we obtain
pˆnad ≡ pˆ−
p˙
ρ˙
ρˆ =
ρ˙X ρ˙M
ρ˙
(
ρˆM
ρ˙M
−
ρˆX
ρ˙X
)
+
(
c2s + 1
)
ρˆcX . (70)
Although the X component has no intrinsic non-adiabaticity for the present case, c2s = −1 and pˆX = −ρˆX , the
two-component system as a whole is non-adiabatic. As it is obvious from (70), non-adiabatic first-order perturbations
can be characterized by the quantity
ρˆM
ρ˙M
−
ρˆX
ρ˙X
6= 0. (71)
Since
ρˆcM
ρ˙M
=
δcM
−3H + 4piGσ
and
ρˆcX
ρ˙X
= −
Θˆc
12piGρM
, (72)
where we have used (24) and (25), respectively, it follows with (57) that
ρˆcM
ρ˙M
−
ρˆcX
ρ˙X
=
δcM
−3H
[
1− 4piGσ
3H
] − 2
3
ρ0
3H20ρMK
[δc′MaH +H0 (1− ΩM0) δ
c
M ] . (73)
Notice that
ρˆM
ρ˙M
−
ρˆX
ρ˙X
=
ρˆcM
ρ˙M
−
ρˆcX
ρ˙X
, (74)
i.e., the combination (71) is gauge-invariant, although the single terms by themselves are not. Equation (73) implies
that the non-adiabatic contribution is completely determined by δcM and its first derivative. Once δ
c
M (a) is known, the
expression (73) is determined as well. The existence of non-adiabatic perturbations is characteristic for interacting
two-component systems. In our case, the non-interacting limit corresponds to σ = 0 ⇒ ρX = 0 ⇒ ΩM0 = 1,
equivalent to the one-component Einstein - de Sitter universe which, of course, has a purely adiabatic perturbation
dynamics.
C. Almost adiabatic initial conditions
For a≪ 1, the non-adiabaticity (73) can be calculated explicitly. This is relevant for specifying the initial conditions.
It will turn out that, for the present model, almost adiabatic initial conditions are appropriate. At high redshifts, i.e.,
for a≪ 1, Eq. (59) reduces to
δc′′M +
3
2a
δc′M −
3
2a2
δcM = 0 (a≪ 1) , (75)
with solutions
δcM = c1a+ c2a
−3/2 ⇒ δc′M = c1 −
3
2
c2a
−5/2 (a≪ 1) . (76)
The asymptotic values for H , ρM and K for a≪ 1 are
H ≈ H0ΩM0a
−3/2 , ρM ≈ ρ0Ω
2
M0a
−3 , K ≈ 1 (a≪ 1) . (77)
9Applying (76) and (77) in (73) we find, for a≪ 1,
ρˆcM
ρ˙M
−
ρˆcX
ρ˙X
≈ −
a3/2
3H0ΩM0
[
c1a+ c2a
−3/2
]
−
2
9
a3
H20Ω
2
M0
[(
c1 −
3
2
c2a
−5/2
)
a−1/2H0ΩM0 +H0 (1− ΩM0)
(
c1a+ c2a
−3/2
)]
.
(78)
The a-independent c2-terms cancel each other exactly. The leading term for the growing mode is
ρˆcM
ρ˙M
−
ρˆcX
ρ˙X
≈ −
5
9
c1
H0ΩM0
a5/2 (a≪ 1) . (79)
It is interesting to note, that both terms on the left-hand side contribute with comparable amounts, although ρˆcM ≫ ρˆ
c
X .
The non-adiabatic pressure perturbation (70) associated with the growing mode becomes
pˆnad ≈
5
6
c1
ρ0ΩM0 (1− ΩM0)
a1/2
(a≪ 1) , (80)
the corresponding fractional quantity is
pˆnad
ρ+ p
≈
5
6
1− ΩM0
ΩM0
c1a
5/2 (a≪ 1) . (81)
It is only for ΩM0 = 1, corresponding to the one-component Einstein-de Sitter model, that the non-adiabatic con-
tribution exactly vanishes. Although the perturbation δcX in (66) is different from zero for ΩM0 = 1, it does not
contribute to the total energy density perturbation since the background density of the X component vanishes (see
relation (84) below). The ratio
|ρˆX |
|ρˆM |
≈
1
3
1− ΩM0
ΩM0
a3/2 (a≪ 1) (82)
of the perturbations scales as the background ratio for these components (cf. Eqs. (17) and (18)). As expected, the
non-adiabatic pressure perturbation is of the order of the dark-energy perturbation:
|pˆnad|
|ρˆX |
≈
5
2
(a≪ 1) . (83)
It follows that at high redshifts it is not only the background contribution of the dark energy density which is small
compared with the total background energy density, the dark-energy perturbations, together with the non-adiabatic
pressure perturbations, are much smaller than the total energy-perturbations as well.
On the other hand, Eq. (75) is also the correct one-component limit of Eq. (59) for ΩM0 = 1, i.e., the Einstein-
de Sitter model with a purely adiabatic perturbation dynamics. Consequently, the smallness of the non-adiabatic
contribution at high redshift allows us to use approximately adiabatic initial conditions for k > 0. However, the mere
two-component nature of our model requires that there is always a small, non-vanishing admixture of non-adiabaticity.
This is consistent with the result in [16], that purely adiabatic large-scale perturbations can never give rise to entropy
perturbations.
IV. DARK ENERGY PERTURBATIONS AND POWER SPECTRUM
In the present study we have neglected baryons. This can be considered a reasonable approximation since baryons
represent only 5% of the total amount of energy. Nevertheless one should keep in mind that the observed power
spectrum reflects the distribution of luminous, baryonic matter. For the ΛCDM model with a “true” cosmological
constant, the distribution of baryons can approximately be determined by the dark matter distribution, i.e., the
observed power spectrum is proportional to δ2M . In dynamic dark-energy models as in the present case, however, the
gravitational potential - which determines the baryonic distribution - is not only due to dark matter perturbations,
but also due to the perturbations in the cosmological term. The total energy density perturbation δc is given by
δc ≡
ρˆcM + ρˆ
c
X
ρ
=
ρM
ρ
δcM +
ρX
ρ
δcX . (84)
10
0.05 0.10 0.15
0
5.´10-10
1.´10-9
1.5´10-9
k HhMpcL
HΡ
X
∆
X
∆
M
Ρ
M
L2
0.05 0.10 0.15
0
2.´10-9
4.´10-9
6.´10-9
8.´10-9
1.´10-8
k HhMpcL
HΡ
X
∆
X
∆
M
Ρ
M
L2
FIG. 1: Relative power spectrum (85) as a function of k for ΩM0 = 0.3 (left) and ΩM0 = 0.8 (right).
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FIG. 2: Relative power spectrum (85) as a function of k on large scales for ΩM0 = 0.3 (left) and ΩM0 = 0.8 (right).
Only if the δcX term is negligible, the observed spectrum can be related with δ
2
M . The relative importance of the
dark-energy fluctuations can be quantified by the expression
ρX
ρM
δcX
δcM
= −
1
3K
1− ΩM0
ΩM0
a3/2
[
d ln δcM
d ln a
+B
]
, (85)
where we have applied equations (19) and (66). In the integration of equation (59) we have used scale-invariant,
adiabatic initial conditions for k > 0 at z = 1000, which is a very good approximation as discussed in subsection III C
above. In Figure 1 we show the ratio (85) at present as a function of k for the range 0.01Mpc−1h < k < 0.2Mpc−1h
for two different values of ΩM0. This ratio is much smaller than 1 in the entire region. Hence, we can see that
perturbations in the vacuum term are actually negligible. The fact that (85) decreases with k demonstrates that the
dark energy component is perturbed significantly at the most at very large scales k ∼ 0. But as Figure 2 reveals, the
dark-energy perturbations remain smaller than the matter perturbations even on the largest scales. In Figure 3 we
also show the ratio (85) as a function of ΩM0, for two fixed scales. As to be expected, vacuum perturbations go to
zero in the limits ΩM0 = 0 (de Sitter solution) and ΩM0 = 1 (Einstein-de Sitter case). The result for larger k can be
seen as a justification of the analysis performed in [12] with ρˆX = 0. As already mentioned, a good fit of the observed
spectrum was found in [12] for a present matter density parameter around 0.48. The corresponding best fit is shown
in Figure 4, where the spectrum was normalized with the BBKS transfer function [17] for large k.
It should be mentioned that the results of the present analysis are not in accordance with those presented by some
of us in [18], where the vacuum term was perturbed and a fractional matter density near 1 was obtained. Some of the
reasons for this discrepancy are the following. i) As initial condition, the ΛCDM-model based BBKS power spectrum
at the redshift of last scattering has been used in [18], something which is not completely justifiable since the present
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FIG. 3: Relative power spectrum (85) as a function of ΩM0 for k = 0.01 (left) and k = 0.185 (right).
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FIG. 4: The best fit of the observed 2dFGRS power spectrum. The lines correspond to the BBKS transfer function (blue), the approximate
ΛCDM best fit using the numerical method of [12] (red) and the corresponding fit of the interacting model (violet).
model is different from the ΛCDM model. ii) Only the conservation equations for the total fluid were considered in [18],
but not the separate balance equations for the individual components. In this way, the non-adiabaticity of the system
was not explicitly explored. iii) A separately conserved baryon component with a fixed relative density was included in
[18]. For this reason, the dark-matter density parameter could not vary in the entire interval [0,1], which led to some
numerical difficulties. In the present gauge invariant treatment on the other hand, the non-adiabatic perturbations
appear explicitly and scale-invariant initial conditions are implemented at very high redshifts. Our result corroborates
the prevailing belief that in a fluid with equation-of-state parameter ω = −1 no significant perturbations should be
expected on scales inside the horizon.
As a final point we mention that for negligible dark energy perturbations ρˆX ≈ 0 the relative entropy perturbation
pˆnad in (70) with c
2 = −1 reduces to
pˆnad
ρˆM
≈
ρ˙X
ρ˙
=
1
2
1− ΩM0
1− ΩM0 +ΩM0a−3/2
. (86)
Obviously, the entropic perturbations increase with the scale factor from a very small value for a ≪ 1 to 1/2 in the
long-time limit a≫ 1. The present value is (1 − ΩM0)/2, leading to approximately 25% of non-adiabaticity.
V. CONCLUSIONS
We have investigated an interacting dark-energy model in which a vacuum term decays into dark matter linearly
with the Hubble rate. The homogeneous and isotropic background evolution of this model is given by simple, explicitly
12
known functions of the scale factor. The two-component linear scalar perturbation dynamics was reduced to a single,
second-order equation for the gauge-invariantly defined, comoving fractional density contrast of the dark matter
component. Thanks to the specific coupling between the components, the dark-energy perturbation is determined
by a combination of the dark-matter perturbation and its first time derivative. The presence of relative entropy
perturbations makes the entire dynamics intrinsically non-adiabatic. However, as we demonstrated analytically, this
non-adiabaticity is very small at early times. Consequently, for our numerical analysis adiabatic initial conditions
could be used as a good approximation for k > 0 at high redshifts. As a main result of this analysis we obtained
that dark-energy fluctuations are negligible on scales that are relevant for cosmic structure formation. In other words,
for our model dark energy does not cluster on small scales. This result provides an a posteriori justification of
the analysis in [12] where dark-energy perturbations were neglected by assumption. This seems also to imply the
conclusion obtained in [12], that the matter-power spectrum is only consistent with a present matter-density parameter
ΩM0 ≈ 0.48. This value is compatible (within 2σ confidence level) with an updated joint background analysis of the
Λ ∝ H model in [14]. On scales larger than the horizon the contribution of dark-energy fluctuation increases but
remains smaller than the dark-matter contribution even in the limit k → 0.
Acknowledgements
This work was partially supported by CNPq, CAPES, FAPES and FAPESB.
[1] A.G. Riess et al., Astron. J. 116, 1009 (1998); S. Perlmutter et al., Astrophys. J. 517, 565 (1999).
[2] V. Sahni and A. A. Starobinsky, Int. J. Mod. Phys. D9, 373 (2000); N. Straumann, astro-ph/0203330; P. J. E. Peebles and
B. Ratra Rev. Mod. Phys. 75, 559 (2003); T. Padmanabhan, Phys. Rept. 380, 235 (2003); E. J. Copeland, M. Sami and S.
Tsujikawa, Int. J. Mod. Phys. D15, 1753 (2006). ; J. S. Alcaniz, Braz. J. Phys. 36, 1109 (2006) [arXiv:astro-ph/0608631].
[3] L. H. Ford, Phys. Rev. D11, 3370 (1975); J. S. Dowker and R. Critchley, Phys. Rev. D13, 3224 (1976); P. C. W. Davies,
Phys. Lett. B68, 402 (1977); A. A. Starobinsky, Phys. Lett. B91, 99 (1980).
[4] S. Carneiro and R. Tavakol, Gen. Rel. Grav. 41, 2287 (2009).
[5] A. G. Cohen, D.B. Kaplan and A.E. Nelson, Phys. Rev. Lett. 82, 4971 (1999).
[6] W. Zimdahl and D. Pavo´n, Class. Quant. Grav. 24, 5641 (2007).
[7] M. O¨zer and M. O. Taha, Phys. Lett. B171, 363 (1986); Nucl. Phys. B287, 776 (1987); O. Bertolami, Nuovo Cimento
Soc. Ital. Fis. B93, 36 (1986); K. Freese et al, Nucl. Phys. B287, 797 (1987); W. Chen and Y-S. Wu, Phys. Rev. D41,
695 (1990); M. S. Berman, Phys. Rev. 43, 1075 (1991); J. C. Carvalho, J. A. S. Lima and I. Waga, Phys. Rev. D46 2404
(1992); A. I. Arbab and A. M. M. Abdel-Rahman, Phys. Rev.D50, 7725 (1994); J. A. S. Lima and M. Trodden, Phys. Rev.
D53, 4280 (1996); J. M. Overduin and F. I. Cooperstock, Phys. Rev. D58, 043506 (1998); J. M. Overduin, Astrophys. J.
517, L1 (1999); M. V. John and K.B. Joseph, Phys. Rev. D61, 087304 (2000); O. Bertolami and P. J. Martins, Phys. Rev.
D61, 064007 (2000); R. G. Vishwakarma, Gen. Rel. Grav. 33, 1973 (2001); A. S. Al-Rawaf, Mod. Phys. Lett. A14, 633
(2001); M. K. Mak, J. A. Belinchon, and T. Harko, IJMP D11, 1265 (2002); W. Zimdahl and D. Pavo´n, Gen. Rel. Grav.
35, 413 (2003); M. R. Mbonye, IJMP A18, 811 (2003); J. S. Alcaniz and J. M. F. Maia, Phys. Rev. D67, 043502 (2003);
I. L. Shapiro, J. Sola, C. Espana-Bonet, and P. Ruiz-Lapuente, Phys. Lett. B574, 149 (2003); J. V. Cunha and R. C.
Santos, IJMP D13, 1321 (2004); R. Opher and A. Pellison, Phys. Rev. D70, 063529 (2004); R. Horvat, Phys. Rev. D70,
087301 (2004); P. Wang and X. Meng, Class. Quant. Grav. 22, 283 (2005); I. L. Shapiro, J. Sola, and H. Stefancic, JCAP
0501, 012 (2005); E. Elizalde, S. Nojiri, S. D. Odintsov, and P. Wang, Phys. Rev. D71, 103504 (2005); R. Aldrovandi, J.
P. Beltra´n Almeida, and J. G. Pereira, Grav. & Cosmol. 11, 277 (2005); F. Bauer, Class. Quant. Grav. 22, 3533 (2005);
B. Wang, Y. Gong, and E. Abdalla, Phys. Lett. B624, 141 (2005); J. D. Barrow and T. Clifton, Phys. Rev. D73, 103520
(2006); B. Wang, C. Y. Lin, and E. Abdalla, Phys. Lett. B637, 357 (2006); A. E. Montenegro Jr. and S. Carneiro, Class.
Quant. Grav. 24, 313 (2007).
[8] R. Schutzhold, Phys. Rev. Lett. 89, 081302 (2002); F. R. Klinkhamer and G. E. Volovik, Phys. Rev. D 79, 063527 (2009).
See also S. Banerjee et al., Phys. Lett. B611, 27 (2005) and N. Ohta, arXiv:1010.1339.
[9] H. A. Borges and S. Carneiro, Gen. Rel. Grav. 37, 1385 (2005).
[10] C. Wetterich, Nucl. Phys. B 302, 668 (1988); ibid., Astron. Astrophys. 301, 321 (1995); A. P. Billyard and A.A. Coley,
Phys. Rev. D 61, 083503 (2000). L. Amendola, Phys. Rev. D 62, 043511 (2000); W. Zimdahl, D. Pavo´n and L.P. Chimento,
Phys. Lett. B 521, 133 (2001); L.P. Chimento, A.S. Jakubi, D. Pavo´n, and W. Zimdahl, Phys. Rev. D 67, 083513 (2003);
L. Amendola, Phys. Rev. D 69, 103524 (2004); Rong-Gen Cai and Anzhong Wang JCAP 03(2005)002; Zong-Kuan Guo,
Rong-Gen Cai and Yan-Zhong Zhang, JCAP 05(2005)002; W. Zimdahl, Int. J. Mod. Phys. D 14, 2319 (2005); L.P.
Chimento and D. Pavo´n, Phys. Rev. D 73, 063511 (2006); M.S. Berger and H. Shojaei, Phys. Rev. D 74, 043530 (2007).
[11] S. Carneiro, M. A. Dantas, C. Pigozzo and J. S. Alcaniz, Phys. Rev. D77, 083504 (2008).
[12] H. A. Borges, S. Carneiro, J. C. Fabris and C. Pigozzo, Phys. Rev. D77, 043513 (2008).
[13] C.-G. Park, J. Hwang, J. Lee, and H. Noh, Phys. Rev. Lett. 103, 151303 (2009).
13
[14] C. Pigozzo, M. A. Dantas, S. Carneiro and J. S. Alcaniz, arXiv:1007.5290 [astro-ph].
[15] W.S. Hipo´lito-Ricaldi, H.E.S. Velten and W. Zimdahl, JCAP 0906 (2009) 016.
[16] D.Wands, K. A. Malik, D. H. Lyth and A. R. Liddle, Phys. Rev. D 62, 043527 (2000).
[17] J. Martin, A. Riazuelo and M. Sakellariadou, Phys. Rev. D61, 083518 (2000); J. M. Bardeen, J. R. Bond, N. Kaiser and
A. S. Szalay, Astrophys. J. 304, 15 (1986).
[18] H. A. Borges, S. Carneiro and J. C. Fabris, Phys. Rev. D 78, 123522 (2008).
